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Quantum Computers

Quantum computers use quantum particles – atoms, photons, 
phonons, electrons, etc. – to compute. 

Famously fast for:
• factoring 
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Problems?

• Accessible
design/analysis?
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• Sophisticated 
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Outline

1. Path Detection (set-up)
2. Reductions
3. Quantum Path Detection Algorithm (complexity)
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Is there a path from s to t? Bit String Input 𝑥:

𝑥! 𝑥" 𝑥# 𝑥$ 𝑥%

“Skeleton graph” 𝐺
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• Bit string initially hidden
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Quantum Query
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Quantum Query

Goal: Figure out if path while using the oracle as few times as 
possible (while revealing as few bits as possible)
-> minimize Query Complexity

For our algorithms, runtime scales like query complexity, times 
the time it takes to do one step of a quantum walk on the 
skeleton graph (for most graphs with structure: log time)
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Cycle Detection to Path Detection
Problem: Is there a cycle?
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Cycle Detection to Path Detection
Problem: Is there a cycle?
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Cycle Detection to Path Detection
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Cycle Detection to Path Detection
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Formula Evaluation to Path Detection
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Quantum Path Detection Reductions
• Read-once Boolean formulas [Jeffery, K, ‘17] 
• Total connectivity [Jarret, Jeffery, K, Piedrafita, ‘18]
• Cycle detection [Delorenzo, K, Witter, ‘19]
• Even length cycle detection [Delorenzo, K, Witter, ‘19]
• Bipartiteness [Delorenzo, K, Witter, ‘19]
• Maximum matching (K, Witter, ‘21)
• 2-player game evaluation [Zhan, Hassidim, K, ‘12] 
• Directed st-connectivity (Beigi, Taghavi `19)
• Directed smallest cycle (Beigi, Taghavi `19)
• Topological sort (Beigi, Taghavi `19)
• Connected components (Beigi, Taghavi `19)
• Strongly connected components (Beigi, Taghavi `19)
• k-cycle at vertex v (Beigi, Taghavi `19)
• st-connectivity (Reichardt, Belovs `12)
• Maximum bipartite matching (Lin, Lin `16; Beigi and Taghavi `19)
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Quantum Path Detection Algorithm 
Complexity
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Quantum Path Detection Algorithm 
Complexity

Space Complexity: 𝑂 log(# 𝑒𝑑𝑔𝑒𝑠 𝑖𝑛 𝑠𝑘𝑒𝑙𝑒𝑡𝑜𝑛 𝑔𝑟𝑎𝑝ℎ)

Query Complexity: Depends on 
• effective resistance 
• effective capacitance
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Effective Capacitance

0-resistance wires

𝐶(𝐺 𝑥 ) is effective 
capacitance of this circuit

1 farad capacitors

1 volt
battery

𝐺 𝑥



Quantum Path Detection Algorithm 
Complexity
Quantum Query Complexity of Path Detection:
• If path in 𝐺(𝑥): 

:𝑂 𝑅 𝐺 𝑥 × max
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[Belovs, Reichardt ’12; JJKP, `18; ACKKY ’20]



Quantum Path Detection Algorithm 
Complexity
Quantum Query Complexity of Path Detection:
• If path in 𝐺(𝑥): 

:𝑂 𝑅 𝐺 𝑥 × max
!:# !

$%& '( )%*$

𝐶 𝐺 𝑦

• If no path in 𝐺(𝑥): 
:𝑂 𝐶 𝐺 𝑥 × max

!:# !
$%& % )%*$

𝑅 𝐺 𝑦

[Belovs, Reichardt ’12; JJKP, `18; ACKKY ’20]
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Let’s Design a Quantum Algorithm!

Search: Is there a 1 in 𝑥 = 𝑥*𝑥+…𝑥0?

Is there a 1 at bit 1? 
OR
Is there a 1 at bit 2?
OR
Is there a 1 at bit 3?
OR
…



Let’s Design a Quantum Algorithm!

Search: Is there a 1 in 𝑥 = 𝑥*𝑥+…𝑥0?
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Let’s Design a Quantum Algorithm!

No path: 
• 𝐶 𝐺(𝑥) = 𝑛
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Let’s Design a Quantum Algorithm!

Path: 
• 𝑅 𝐺(𝑥) = 1/𝑘 (𝑘 is number of bits with value 1) 

𝑡

𝑠

2 𝑛1 …



Quantum Search Algorithm Complexity

Quantum Query Complexity of Path Detection:
• If path in 𝐺(𝑥): 

:𝑂 𝑅 𝐺 𝑥 × max
!:# !

$%& '( )%*$

𝐶 𝐺 𝑦 = :𝑂
𝑛
𝑘

• If no path in 𝐺(𝑥): 
:𝑂 𝐶 𝐺 𝑥 × max

!:# !
$%& % )%*$

𝑅 𝐺 𝑦 = E𝑂 𝑛

[Belovs, Reichardt ’12; JJKP, `18; ACKKY ’20]



Quantum Search Algorithm Complexity

Quantum Query Complexity of Path Detection:
• If path in 𝐺(𝑥): 

:𝑂 𝑅 𝐺 𝑥 × max
!:# !

$%& '( )%*$

𝐶 𝐺 𝑦 = :𝑂
𝑛
𝑘

• If no path in 𝐺(𝑥): 
:𝑂 𝐶 𝐺 𝑥 × max

!:# !
$%& % )%*$

𝑅 𝐺 𝑦 = E𝑂 𝑛

Not new result (variant of Grover’s Algorithm), but you 
designed it! (Within log factors of optimal)



Performance
• Read-once Boolean formulas (query optimal) [Jeffery, K, ‘17] 
• Total connectivity (query optimal) [Jarret, Jeffery, K, Piedrafita, ‘18]
• Cycle detection (query optimal) [Delorenzo, K, Witter, ‘19]
• Even length cycle detection [Delorenzo, K, Witter, ‘19]
• Bipartiteness (query optimal) [Delorenzo, K, Witter, ‘19]
• Maximum matching (K, Witter, ‘21)
• 2-player game evaluation [Zhan, Hassidim, K, ‘12] 
• Directed st-connectivity (query optimal) (Beigi, Taghavi `19)
• Directed smallest cycle (query optimal) (Beigi, Taghavi `19)
• Topological sort (Beigi, Taghavi `19)
• Connected components (Beigi, Taghavi `19)
• Strongly connected components (Beigi, Taghavi `19)
• k-cycle at vertex v (Beigi, Taghavi `19)
• st-connectivity (query optimal) (Reichardt, Belovs `12)
• Maximum bipartite matching (Lin, Lin `16; Beigi and Taghavi `19)

*There are alternative optimal 
algorithms for some problems



Path Detection Algorithm:

𝑈 = 𝑅*𝑅+

Reflection that encodes 
where edges are in graph
(Takes 𝑂(1) time and 
𝑂(1) queries)

Reflection that encodes 
quantum walk on the 
skeleton graph
(Often 𝑂(log 𝑛) time, no 
queries)



Path Detection Algorithm:

Basic Algorithm (no speed up for easy instances):

Do eigenvalue estimation of 𝑈 for some initial state with 
high enough precision
• If initial state has eigenvalue 1 -> decide path
• Otherwise -> decide no path

[Belovs, Reichardt ’12]
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Future/Current Work

• Recent work (with Stacey Jeffery and Alvaro Piedrafita): 
algorithm to sample an edge in the flow
o Can find a path faster than existing algs for graphs

with only short paths
o Can figuring out how to sabotage connections in

graphs with high throughput bridges
o Other applications?

• When is path detection reduction approach optimal?
• Way to find optimal weights?
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